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We show that a metrizable space Y is completely metrizable if there is a continuous
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elements of the smallest algebra generated by open sets in Y ).
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
This is an essentially improved version of original remarks of the author modiﬁed due to the collaboration with R. Pol on
the metrizable case [5]. The motivation for both papers was to solve a question by A. Ostrovsky posed in [9]. Let us point
out that we were informed by Su Gao that he and Vincent Kieftenbeld answered the Ostrovsky question independently
in [2]. Their method is different from our one.
We need to know that a sequence of covers Cn , n ∈N, of a topological space X is called complete if every ﬁlter (ultraﬁlter)
F which has a nonempty intersection with every Cn has an accumulation point, i.e.,
⋂{F : F ∈ F} = ∅. Let us recall that a
Tychonoff space is Cˇech-complete if it admits a complete sequence of open covers [1, Theorem 6, p. 452].
A subset H of a topological space X is called resolvable (Hausdorff sets or H-sets) if every nonempty subset F of X
contains a nonempty relatively open subset G such that G ⊂ H or G ⊂ F \ H . It is an easy observation that the nonempty
set F in our deﬁnition may be assumed closed in the deﬁnition. We need the simple fact that, given a subspace Y of X , we
have H(Y ) ⊃ {H ∩ Y : H ∈ H(X)}. (In fact, the inclusion can be replaced by the equality, see Remark 2.3.) Resolvable sets
form an algebra H(X) of subsets of X which contains closed sets (this and other facts on resolvable sets can be found, e.g.,
in [7, §12, II, V, and VI], [6,4]).
Our main result shows in particular that the image Y of a 0-dimensional paracompact Cˇech-complete space X under a
continuous surjection f : X → Y which takes clopen sets in X to H-sets in Y is complete if metrizable (see Corollary 3.3(5)).
This generalizes [5, Corollary 3], and so it also answers the question by Ostrovsky (see [9, Question]).
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Let Cn form a complete sequence of covers of a topological space X . It is obvious from the deﬁnition that any sequence
of covers Dn such that Dn is a reﬁnement of Cn is also complete. In particular, the sequence of covers
Dn = C1 ∧ · · · ∧ Cn := {C1 ∩ · · · ∩ Cn: Ci ∈ Ci for i = 1, . . . ,n}
is complete. Note that Dn = D1 ∧ · · · ∧ Dn for n ∈N.
Lemma 2.1. Let Cn, n ∈ N, form a complete sequence of covers of a topological space X. Then C∗n = {
⋃F : F ⊂ Cn ﬁnite} form a
complete sequence of covers of X .
Proof. Let U be any ultraﬁlter of subsets of X such that U∩C∗n = ∅ for every n ∈N. Then there are ﬁnite Fn ⊂ Cn , n ∈N, such
that
⋃Fn ∈ U . Since U is an ultraﬁlter, there is an Fn ∈ Fn ∩ U ⊂ Cn ∩ U for every n ∈N, and thus U has an accumulation
point. 
A family S of subsets of a topological space X is scattered if every nonempty subfamily has an isolated element, i.e., if for
every nonempty T ⊂ S there is an open set G ⊂ X such that TG = {T ∈ T : T ⊂ G} is a singleton and if T ∩ G = ∅ for every
T ∈ T \ TG .
The next lemma follows from the above deﬁnition and can be found more or less explicitly also elsewhere. For the
convenience of the reader we give a proof.
Lemma 2.2.
(a) Let S be a scattered family in X and S(S) be a scattered family of subsets of S for every S ∈ S . Then⋃{S(S): S ∈ S} is scattered.
(b) Let S1, . . . ,Sk (k ∈N) be scattered families in X. Then
S1 ∧ · · · ∧ Sk := {S1 ∩ · · · ∩ Sk: Si ∈ Si, i = 1, . . . ,k}
is scattered.
(c) A cover Q of a topological space Q has a scattered reﬁnement if and only if (∀∅ = W ⊂ Q ) (∃Q ′ ∈ Q) Q ′ ∩ W contains a
nonempty and relatively open subset of W .
Proof. (a) Considering any nonempty subfamily F of ⋃{S(S): S ∈ S}, we ﬁnd an isolated element S0 of {S ∈ S: S ∩⋃F =
∅}. There is an isolated element F of F ∩ S(S0) which is clearly isolated in F as well.
(b) can be proved by induction. We may apply in each induction step (a) to the families S = S1 ∧ · · · ∧ Sk−1 and
S(S) = {S ∩ Sk: Sk ∈ Sk} for each S ∈ S .
(c) Let R be a scattered reﬁnement of Q and ∅ = W ⊂ Q . Then the nonempty subfamily {R ′ ∈ R: R ′ ∩ W = ∅} contains
an isolated element R . Then R ∩ W is nonempty and relatively open in W since W =⋃{R ′ ∩ W : R ′ ∩ W = ∅, R ′ ∈ R}.
To prove the converse implication, we assume that the second condition of (c) is satisﬁed and we deﬁne a scattered
reﬁnement R = {Rα: α < card(Q )+} of Q by transﬁnite induction. Let Rβ , β < α < card(Q )+ , be already deﬁned. If W =
Q \⋃{Rβ : β < α} = ∅, then we ﬁnd Qα ∈ Q such that Qα ∩ W contains a nonempty and relatively open set Rα in W . If
Q \⋃{Rβ : β < α} = ∅, we put Rα = ∅. (The family of these Rα is scattered. Indeed, if S := {Rα: α ∈ A} for a nonempty
A ⊂ [0, card(Q )+), we may take the smallest α ∈ A and notice that Rα is an isolated element of S .) 
Remark 2.3. An equivalent description of H-sets is that they are the unions of scattered families of sets which are differences
of two open sets (cf. with [7, §12, II, VI] for a dual description of resolvable sets). This description can be used to get the
inclusion H(Y ) ⊂ {H ∩ Y : H ∈ H(X)} mentioned above. It follows easily from the deﬁnitions, or from this description and
Lemma 2.2, that the union of any scattered family of H-sets is an H-set.
A topological space is scattered-complete if it admits a complete sequence of scattered covers (this class of spaces can be
found in the literature under various names, see, e.g., [8,3,10]). We shall use the following result (see [8, Theorem 1.5], cf.
[4, Theorem 2.5]).
Proposition 2.4. A metrizable space is completely metrizable if and only if it is scattered-complete.
3. Preservation of completeness
Before stating our main theorem, we recall several notions of discreteness. We call a set D in a topological space X rel-
atively discrete if every d ∈ D is an isolated element of D . We call a set D discrete if it is relatively discrete and closed,
equivalently, if there is an open cover of X such that each its element contains at most one point of D . A set D is
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pair of distinct elements d and d′ of D . A subset D of a uniform space X is uniformly discrete if it is ρ-discrete with respect
to some uniformly continuous pseudometric ρ on X .
Theorem 3.1. Let Y be a ﬁrst countable T1-space and X
(a) a scattered-complete space, or
(b) a Cˇech-complete space, or
(c) a paracompact Cˇech-complete space, or
(d) a uniform space which admits a complete sequence of uniform open covers, respectively.
Let f : X → Y be a continuous surjection of X onto Y such that whenever D ⊂ G ⊂ X are such that D is countable and
(a) D is scattered and G ∈ H(X), or
(b) D is relatively discrete and G is open, or
(c) D is discrete and G is open, or
(d) D is uniformly discrete and G is open, respectively,
there is a set S such that D ⊂ S ⊂ G with f (S) ∈ H(Y ).
Then Y is scattered-complete. In particular, Y is completely metrizable if it is metrizable.
Remark 3.2. It is suﬃcient to assume that X admits a complete sequence of open covers without the assumption that it is
a Tychonoff space in (b). Since every scattered set D is clearly in H(X) if X is a T1-space, the part (a) of Theorem 3.1 says
nothing more than the part (1) of the following corollary for T1-spaces X . The assumptions (d) are fulﬁlled, e.g., in products
of a complete metric space M endowed with the metric uniformity and a Hausdorff compact space K endowed with the
only compatible uniformity on it (one may consider the covers Un = {B(m, 1n )× K : m ∈ M}, where B(m, r) is the open r-ball
centered at m ∈ M).
Corollary 3.3. Let f : X → Y be a continuous surjection, and Y be a ﬁrst countable T1-space. Let one of the following assumptions
holds:
(1) X is scattered-complete and f takes countable scattered sets to H-sets in Y ;
(2) X is Cˇech-complete and f takes countable relatively discrete sets to H-sets in Y ;
(3) X is Cˇech-complete and f takes open sets to H-sets in Y ;
(4) X is paracompact Cˇech-complete and f takes countable discrete sets to H-sets in Y ;
(5) X is a 0-dimensional paracompact Cˇech-complete space and f takes clopen sets to H-sets in Y ;
(6) X is a complete metric space and f takes countable metrically discrete sets to H-sets in Y .
Then Y is scattered-complete. In particular, if Y is metrizable, it is completely metrizable.
Proof. In case (1) the assumptions (a) of Theorem 3.1 are fulﬁlled.
The items (2) and (3) follow by “part (b)” of Theorem 3.1.
The item (4) follows by “part (c)” of the same theorem.
Having a countable discrete set D and an open set G with D ⊂ G in a paracompact space X , we ﬁnd a locally ﬁnite open
reﬁnement R of the family {Ud: d ∈ D} ∪ (X \ D), where Ud ⊂ G are open with Ud ∩ D = {d}. If X is 0-dimensional, we ﬁnd
one Rd ∈ R with d ∈ Rd and a clopen neighborhood Cd ⊂ Rd of d. Now {Cd; d ∈ D} is locally ﬁnite, so its union S is clopen.
We have D ⊂ S ⊂ G and f (S) ∈ H(Y ) in the case (5). So we may apply part (c) of Theorem 3.1 again.
The item (6) follows by Theorem 3.1(d) applying it to the metric uniformity on X . 
Before going to the proof of Theorem 3.1, we shall prove a proposition which is a modiﬁcation of [8, Theorem 1.6]. We
use the notation P0 = {X}, Pn(P ) = {P ′ ∈ Pn: P ′ ⊂ P } for P ⊂ X , and f (P) = { f (P ′): P ′ ∈ P} in what follows.
Proposition 3.4. Let X and Y be topological spaces and f : X → Y be a continuous surjection. LetPn, n ∈N, form a complete sequence
of covers of X such that
(1) P =⋃Pn(P ) for every P ∈ Pn−1 and
(2) f (Pn(P )) has a scattered reﬁnement for every n ∈N and P ∈ Pn−1 .
Then Y is scattered-complete.
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(2′) Every nonempty subset S of f (P ), for any P ∈ Pn−1 , contains a nonempty relatively open subset R ⊂ S such that R ⊂ f (P ′) for
some P ′ ∈ Pn(P )
assuming that (1) is fulﬁlled.
Proof. The equivalence of (2) and (2′) holds by Lemma 2.2(c) (in the notation of the lemma, for Q := f (Pn(P )) and W :=
S ⊂ Q = f (P ) ﬁnd Q ′ and put R to be the relative interior of Q ′ ∩ W in W ).
To prove the completeness of Y from (1) and (2) we deﬁne inductively a complete sequence of scattered partitions Rn
of Y and PnR ∈ Pn for every R ∈ Rn and n ∈N such that
(i) R ⊂ f (PnR) for R ∈ Rn ,
(ii) Rn reﬁnes Rn−1,
(iii) PnR ′ ⊂ Pn−1R if R ′ ∈ Rn , R ∈ Rn−1, and R ′ ⊂ R .
Let us begin with n = 0 and put R0 = {Y } and P0Y = X .
Suppose that the scattered partitions R0, . . . ,Rn−1 and the corresponding mappings R ∈ Ri → P iR ∈ Pi for i = 0, . . . ,
n − 1 have been already deﬁned for some n ∈N.
Consider a ﬁxed R ∈ Rn−1 and P = Pn−1R ∈ Pn−1. By our assumptions, R ⊂ f (P ) and there is a scattered reﬁnementR(R) of {R ∩ f (P ′): P ′ ∈ Pn(P )}. Thus there is a mapping R ′ ∈ R(R) → PnR ′ ∈ Pn(P ) with R ′ ⊂ f (PnR ′ ). We deﬁne Rn =⋃{R(R): R ∈ Rn−1}. As all R(R)’s are scattered partitions of R ’s and Rn−1 is a scattered partition of Y , Rn is a scattered
partition of Y by Lemma 2.2(a). It obviously reﬁnes Rn−1. The mapping R ′ ∈ Rn → PnR ′ is deﬁned correctly by the previous
prescription since the R(R)’s, R ∈ Rn−1, are pairwise disjoint. Thus our inductive construction is ﬁnished.
Finally, let G be a ﬁlter in Y containing an element Rn ∈ Rn for every n ∈ N. Necessarily, Rn+1 ⊂ Rn for n ∈ N and
all Rn ’s are nonempty. Then F = { f −1(G): G ∈ G} is a ﬁlter base in X and each Rn ⊂ f (Pn) for Pn := PnRn ∈ Pn , and
Pn ⊂ Pn−1 by our construction. Therefore, Pn ∩ f −1(G) ⊃ Pn ∩ f −1(G ∩ Rn) = ∅ for every G ∈ G , and so there is a ﬁlter
F̂ ⊃ F containing all Pn ’s. The completeness of the sequence of covers Pn , n ∈ N, implies that F̂ has an accumulation
point, i.e.,
⋂{F : F ∈ F̂} = ∅. Now ⋂{G: G ∈ G} =⋂{ f (F ): F ∈ F} ⊃ f (⋂{F : F ∈ F}) ⊃ f (⋂{F : F ∈ F̂}) = ∅, and so the
sequence Rn of scattered partitions of Y is complete. This concludes the proof of our proposition. 
Proof of Theorem 3.1. Let Cn form a complete sequence of scattered (or open, or locally ﬁnite open, or uniform open,
respectively) covers of X .
Put Pn = C1 ∧ · · · ∧ Cn . Then each Pn satisﬁes obviously the condition (1) of Proposition 3.4. The covers Pn have still
the respective properties of Cn ’s recalled above. (In particular, if Cn ’s are uniform, the Pn ’s are uniform. Thus there is some
uniformly continuous pseudometric ρn and positive rn such that the open ball Bρn (x, rn) with respect to the pseudometric
ρn reﬁnes Pn for each n ∈N.) Let us deﬁne P∗n = {
⋃F : F ⊂ Pn is ﬁnite} as in Lemma 2.1 which shows that the sequence
of P∗n ’s is also complete. It is easy to observe that
(1′) for every P ∈ P∗ we have P =⋃Pn(P ),
in particular (1) of Proposition 3.4 holds also for the sequence P∗n .
We are going to verify (2′) of Proposition 3.4 for P∗n ’s by contradiction. To this end we assume that there are n ∈ N,
P ∈ P∗n−1, and a nonempty subset S of f (P ) such that no nonempty relatively open subset R of S is a subset of some f (P ′)
with P ′ ∈ P∗n (P ). Let such n ∈N, P ∈ P∗n−1, and S be ﬁxed for the rest of the proof.
We shall use the notation Bp(y), p ∈ N, for a ﬁxed decreasing base of open neighborhoods of y ∈ Y . Let u : N→ N be
such that u(k) < k for k > 1, u(1) = 1, and u−1(k) is inﬁnite for every k ∈N (cf. [8]).
We claim that there are yk ∈ S , Pk ∈ Pn(P ) such that
(i) yk ∈ f (Pk) \⋃k−1i=1 f (Pi) and
(ii) yk ∈ Bk(yu(k)).
(In the case (d) we moreover require that there is some xk ∈ Pk ∩ f −1(yk) such that Bρn (xk, rn) ⊂ Pk .)
Indeed, there is y1 ∈ S since S = ∅. There is P1 ∈ Pn(P ) such that y1 ∈ f (P1) by (1′). (In the case (d), we choose an x1
with f (x1) = y1 and a P1 such that Bρn (x1, rn) ⊂ P1.) Of course, we have y1 ∈ B1(yu(1)) = B1(y1).
Let y1, . . . , yk ∈ S and P1, . . . , Pk ∈ Pn(P ) be already chosen. Since P∗n is closed with respect to ﬁnite unions, we have
P1 ∪ · · · ∪ Pk ∈ P∗n (P ). The nonempty relatively open subset Bk+1(yu(k+1)) ∩ S of S is not contained in f (P1 ∪ · · · ∪ Pk) by
our assumption, and so there is yk+1 ∈ (Bk+1(yu(k+1))∩ S)\⋃ki=1 f (Pi). By the condition (1′) above, there is a Pk+1 ∈ Pn(P )
with yk+1 ∈ f (Pk+1). (In the case (d) we choose xk+1 with f (xk+1) = yk+1 and Pk+1 such that Bρn (xk+1, rn) ⊂ Pk+1.) This
concludes the proof of the existence of yk ’s and Pk ’s with the required properties.
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we have already xk ’s chosen.) Let u−1(k) = Nk0 ∪ Nk1, where Nk0 and Nk1 are disjoint and inﬁnite. Put D = {xk: k ∈ N} and
D j = {xl: l ∈⋃k∈N Nkj } for j = 0,1.
We have that f (D0) ∪ f (D1) = Q , f (D0) ∩ f (D1) = ∅ by (i), f (D j) is dense in Q for j = 0,1 by (ii). Thus f (D0) is not
an H-set in Q .
Put P˜k = Pk \⋃k−1i=1 f −1(yi). The set G =
⋃
k∈⋃l∈N Nl0 P˜k is an H-set in case (a) as the union of a (countable) scattered
family of H-sets (Pk ’s are differences of open sets and f −1(yi)’s are closed under our assumptions, so P˜k ’s are elements of
the algebra generated by closed sets; see Remark 2.3 for the scattered union). The set G is open in the other cases. (Here
we use that Y is a T1-space and so f −1(yi)’s are closed.)
By (i) and the deﬁnitions of D and P˜k ’s, f (D)∩ f ( P˜k) = {yk}, and yk = yl for k = l. In particular, D∩ P˜k = {xk} and xk = xl
for k = l. Thus the countable set D , so also D0, is scattered in case (a), it is relatively discrete in case (b), it is moreover
locally ﬁnite, thus closed, and so discrete in case (c), and it is uniformly discrete (in fact, rn-discrete with respect to ρn) in
case (d).
In each case we ﬁnd S such that D0 ⊂ S ⊂ G with f (S) ∈ H(Y ). Using f (D) ∩ f ( P˜k) = {yk} and the deﬁnition of G , we
have Q ∩ f (G) = f (D0). Therefore f (D0) = f (S) ∩ Q , and so f (D0) is an H-set in Q since H(Q ) ⊃ {H ∩ Q : H ∈ H(Y )},
a contradiction. 
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